Abstract. The Onsager's conjecture has two parts: conservation of energy, if the exponent is larger than 1/3 and the possibility of dissipative Euler solutions, if the exponent is less or equal than 1/3. The paper proves half of the conjecture, the conservation part, in bounded domains.
Introduction
The Onsager's conjecture has two parts: conservation of energy, if the exponent is larger than 1/3 and the possibility of dissipative Euler solutions, if the exponent is less or equal than 1/3 (see [13] ). In this note, we prove half of the conjecture, the conservation part, for the incompressible Euler equation of the form     
u(x, t) · n(x) = 0 on ∂Ω × (0, T ), (1.1) where T > 0, Ω is a bounded, connected domain in R d (d ≥ 2) with C 2 -boundary and n(x) is the outward unit normal vector field to the boundary ∂Ω.
In the absence of a physical boundary (namely the case of whole space R d or the case of periodic boundary conditions in the torus T m ), Eyink [11] and Constantin, E and Titi [5] proved that any solution of the incompressible Euler equations must conserve the global kinetic energy if it is Hölder continuous with exponent greater than 1/3.
The optimality of the exponent 1/3 (in the sense that there is a Hölder continuous solution with exponent smaller than 1/3 which dissipates the total kinetic energy) was first established in R 2 × R in the groundbreaking paper of Scheffer [14] . Afterwards, in [15] , Shnirelman constructed a compactly supported nontrivial weak solution in T 2 × R. Much development in this direction was achieved in a series of celebrated papers of De Lellis and Székelyhidi [6, 7, 8] (see also [4, 12, 3] and references therein).
The first work dealing with the conjecture on the energy conservation for domains with boundaries was recently contributed by Bardos and Titi [1] , where the energy conservation was obtained under an assumption on Hölder continuity up to the boundary with exponent greater than 1/3. This assumption is relaxed in [2] where only interior Hölder regularity and continuity of the normal component of the energy flux near the boundary are required. Independently, Drivas and Nguyen [10] , by using the Besov spaces, demonstrated the energy conservation which extends the results in [5] and refines the results in [1] .
Motivated by the above work, the aim of the present note is to establish the energy conservation under weaker assumptions. Our approach is based on averaging over the strip near the boundary and hence enables us to obtain relaxed conditions.
Before stating the main result, let us introduce the definition of weak solutions of (1.1).
We say that (u, p) is a weak solution of (
In the sequel, d(x) is the distance from x to ∂Ω, Ω r := {x ∈ Ω : d(x) > r} for any r ≥ 0 and ffl
Since Ω is a bounded, connected domain with C 2 -boundary, so we find r 0 > 0 and a unique C 1 b -vector function n : Ω\Ω r 0 → S d−1 such that the following holds true: for any r ∈ [0, r 0 ), x ∈ Ω r \Ω r 0 there exists a unique x r ∈ ∂Ω r such that d(x, ∂Ω r ) = |x − x r | and n(x) is the outward unit normal vector field to the boundary ∂Ω r at x r . In particular, for any 0 < r 1 < r 2 < r 0 , and ϕ ∈ L 1 (Ω r 1 \Ω r 2 ), by the Coarea formula we havê
Our main theorem is the following:
is a weak solution of problem (1.1). Assume that for any ε > 0, there exist σ ε > 1/3 and C ε > 0 such that
In addition, assume that for some
as ε → 0. Then the energy is globally conserved, namelŷ (ii) Putũ(x, t) = u(x, t) · n(x) for any x ∈ Ω\Ω r 0 . If the function
satisfies h(ε) ≤ Cε 2/3 for every ε ∈ (0, r 0 ) with some C > 0, then conditions (1.5) and (1.6) are fulfilled.
(iii) Our conditions are weaker than those in [10] . In particular, in Theorem 1.1, the velocity field u and the pressure p are required to be in L 3 and L 3/2 in a strip near the boundary, while in [10, Theorem 1] they are required to be bounded in a strip near the boundary. Moreover, if u ∈ L 3 (0, T, L ∞ (Ω\Ω ε 0 )) and p ∈ L 3/2 (0, T, L ∞ (Ω\Ω ε 0 )) then our conditions (1.5) and (1.6) can be deduced from the continuity of the wall-normal velocity at the boundary in [10, Theorem 1].
Proof of Theorem 1.1
For the sake of simplicity, we proceed as if the solution is differentiable in time. The extra argument needed to mollify in time can be found in [9] . Let { ε } be a standard sequence of mollifiers in R d satisfying supp ε ⊂ B ε where B ε is the ball of radius ε and center at 0. For any function f ∈ L 1 loc (Ω × (0, T )), we set for any x ∈ Ω ε ,
From (1.1), we derive
This implies,
Here we have used the fact (see [5] ) that
Thus, it follows from (2.2) that
where
Let 0 < ε < ε 1 /10 < ε 2 /10 < r 0 /100. Integrating (2.3) over Ω ε 2 × (0, t) yields
So, for any ε 3 > 0 small, by integrating over (ε 1 , ε 1 + ε 3 ) in ε 2 and using (1.3) for the first term on the right-hand side, we obtain 1 2ε 3ˆε
(2.4) Thanks to (1.4), we derive
for some constant C ε 1 ,ε 3 > 0 and σ ε 1 ,ε 3 > 1 3 . Similarly, since ε 1 < ε 2 and by (1.4),
for some constant C ε 1 > 0 and σ ε 1 > 1 3 . Letting sucessively ε → 0 and then ε 1 → 0 in (2.4) and taking account into (2.5) and (2.6), we obtain Here we have used the fact that L d (Ω\Ω ε 3 ) ε 3 . Owing to (1.5) and (1.6), by letting ε 3 → 0 in (2.7), we concludê Ω |u(x, t)| 2 dx =ˆΩ |u(x, 0)| 2 dx ∀t ∈ [0, T ).
The proof is complete.
